The effects of inertia of a particle on its flow tracking accuracy and particle dispersion are studied using direct numerical simulations of two-dimensional compressible free shear layers in convective Mach number (M, ) range of 0.2 to 0.6. The results show that particle response is well characterized by r, the ratio of particle response time to the flow time scale (Stokes' number), The slip between particle and fluid imposes a fundamental limit on the accuracy of optical measurements such as LDV and PIV. The error is found to grow like 7-up to r = 1 and taper off at higher 7. For r = 0.2 the error is about 2%. In the flow visualizations based on Mie scattering, particles with r > 0.05 are found to grossly misrepresent the flow features. These errors are quantified by calculating the dispersion of particles relative to the fluid. The trend in lateral dispersion of particles is similar to that of incompressible flows reported by previous investigators. Overall, the effect of compressibility does not seem to be significant on the motion of particles in the range of M, considered here.
INTRODUCTION
The motion of particles with inertia in turbulent flows has been the subject of numerous studies due to its many engineering and scientific applications. A recent review article by Crowe et al. ' cites over 100 references on the subject. Because of the complexity of the problem, most of the research on particle-laden flows is confined to homogeneous flow~.'*~ In these flows, particle dispersion is modeled in analogy to turbulent diffusion through the use of a particle Schmidt number.' However, most practical flows are inhomogeneous. For example, it is now well known that the large-scale coherent structures are a dominant feature of free shear layers and may control the overall evolution of these flows, even at very high Reynolds numbers.-The question that arises is how the motion of particles will be influenced by these vertical structures. Based on the available experimental results, Crowe et al.' conjectured that the large-scale structures would impose a selective dispersion process on particles and this process would be governed by the ratio of particle aerodynamic response time to the local flow time scale. In recent years, new experimental' and computational work based on discrete vortex technique'*" has confirmed the conjecture of Crowe et al.
We have two major motivations in undertaking a study of particle motion, Modern optical techniques based on Mie scattering utilize small particles, introduced into the flow to obtain quantitative turbulence data [e.g., techniques such as laser Doppler velocimetry (LDV) and particle image velocimetry (PIV) 1. Particles (mostly polydisperse) are also used to generate qualitative information about the flow (e.g., technique such as laser sheet lighting). It is natural to ask how accurately the dynamics of these particles represents the dynamics of the turbulent flow. The present study pro-vides some answers to this question. Specific quantitative diagnostics are developed for assessing the flow tracking accuracy of LDV and PIV techniques as well as the Row visualization techniques. These diagnostics quantify the effects of particle inertia. Second, we study the dispersion of particles in a compressible shear flow and compare the results with the previous studies of dispersion of particles in incompressible shear flows.
II. SIMULATIONS
The details of the direct numerical simulations are described by Lele. '1,'2 A compact finite difference scheme of spectral-like accuracy was used. Simulations are conducted for temporally evolving compressible shear layers with a nonreflecting boundary conditions at the top and bottom boundaries of the computational domain.13 We have chosen to study the temporal shear layer to avoid the additional complexity associated with the changing flow time scales in a spatially evolving (albeit more realistic) configuration. Bogdanoff'4 and Papamoschou and Roshko4 have shown that the convective Mach number, M,, a Mach number based on large-scale structures in the flow, represents compressibility effects and correlates the reduced growth rate quite well. Within the past few years, further experimental, computational, and theoretical work has confirmed the growth rate reduction due to compressibility effects. It has been shown experimentally that as M, is increased, the turbulence fluctuations level and the lateral extent of turbulence activity is substantially decreased.' The reduction in the growth rate starts around M, = 0.4, however, the lower limit of M, for reduction in turbulence level appears to be lower.5 In the present studies, shear layers with convective Mach numbers of 0.2, 0.4, and 0.6 were investigated. The convective Mach number of 0.6 is sufficiently high to reveal major compressibility effects but low enough to avoid formation of shocklets which require much finer grid resolution. '2 In the initial condition for the simulations, small ampli-tude incompressible disturbances were added to the hyperbolic tangent mean flow profile. Both organized initial conditions with either one or two Fourier modes (generating a few vortices in the computational box) and random initial conditions (large domain with a white noise spectrum) were used. For the random initial condition case a computational box with streamwise (x) extent of 916, and transverse (y) extent of -156, to + 156, was used, where S, is the initial vorticity thickness. This domain was discretized with a uniform mesh of 32 1 nodes in x and a nonuniform mesh of 8 1 nodes in y. They mesh was clustered at the center of the shear layer with Ay,,,/Ay,,, = 4.6. The initial condition contained a 0.01% amplitude disturbance to all x-Fourier modes whose phases were random. The evolution resulted in eight rolled vortices in the domain with random strength and locations. These vortices subsequently underwent at least two pairings. The Reynolds number based on the velocity difference between two streams, the initial vorticity thickness, and density and viscosity of the high-speed free stream ranged from 100 to 400 in these simulations. A specific heat ratio of 1.4 and a Prandtl number of 0.75 were used.
Forces exerted on a small sphere in a nonuniform flow and the dispersion of the particles under the influence of these forces have been the subject of numerous studies. The problem in its general form is extremely complex. However, some simplifying assumptions can be made. Assuming spherical particles with diameter much smaller than the turbulence length scales of interest, low particle concentration, and with the particle density much higher than the carrier fluid density, forces such as buoyancy, added mass, and Basset integral become negligible and Stokes' law can be used to calculate the drag force on the particle.7*9*'0*15 These assumptions are well justified in the applications of interest to us. With the above assumptions, the equation of motion of a particle can be written as
Iwhere Up is the particle velocity and U, is the flow velocity at the particle location, both nondimensionalized with U, -U,, where 1 and 2 refer to high-and low-speed streams, respectively. The time t is scaled with the flow time scale rf = lo&,/( U, -U, ), S, is the initial vorticity thickness, and C-= rp'p/rf is the ratio of particle aerodynamic response time (TV = p,,d E/l 8~) to flow time scale ~~ (Ref. 7) . With this definition of rf the roll-up time and the pairing time are about 2 and 4, respectively.
Five horizontal (x) lines of particles, one at the centerline and two on either side of the centerline (the initial Iocations of the lines are given later), with 200 particles/line for the organized initial condition cases and 500 particles/line for the random initial condition case were used. The fluid elements at the initial locations of particles were tagged and tracked with time. Particles were set to have the same velocity as the tagged fluid elements (originally at the same location). In integrating Eq. ( 1 ), the Buid velocity needs to be determined at the particle location. This was determined by a quadratic interpolation of the velocity field. The Taylor series coefficients were evaluated using the compact finite differences." It was found that this interpolation scheme was adequate for present purpose (cf. Yeung and Pope" and Balachandar and Maxey," where more accurate schemes were necessary due to small-scale turbulence). In our experience, reducing the interpolation schemes to a linear interpolation gave virtually identical results.
Ill. RESULTS AND DlSCUSSlON
First, the slip velocity results will be discussed; then, the results related to flow visualization will be presented. Finally, some results on dispersion of particles will be discussed.
A. Slip velocity There are several optical techniques which could, in principle, be used to obtain flow velocities. Some of these techniques such as those based on laser-induced fluorescence are in their early development stages. 18*19 Presently, the laser Doppler velocimetry (LDV) technique is the only well-developed single-point optical technique which is used routinely in a variety of flows, from very low subsonic to supersonic flows to obtain both mean flow and turbulence data." The second technique, which is developing rapidly and is being used by many researchers in low-speed flows, is particle image velocimetry (PIV) technique. PIV is a planar technique and presently is mostly used for mean flow measurement." Both these techniques are based on scattering of a coherent light by particles in the flow field. The dilemma of the experimenter is that the larger particles give a better sig nal-to-noise ratio but the smaller particles follow the flow more faithfully. The accuracy of both techniques depends fundamentally on how well the seed particles follow the instantaneous changes in the flow. A discussion of other constraints on the practical performance of PIV is provided by Adrian2' Figure 1 shows the instantaneous streamwise (x) velocity of a fluid element together with four particles with r ranging from 0.05 to 50. All the particles in Fig. 1 (a) started from the same location on the centerline and in Fig. 1 (b) started from v/S, = 0.56. The velocities and time are scaled with U, -U,andlO&,/(U, -U,),whereU,isthe convective velocity and ' by (U,a, + U,a, )/(a, -l-a2 ), with a zing tfzpeed of sound. The convective Mach number of the flow is 0.4. It has been shown before that in this type of flow the shear layer development is governed initially by linear instability. Nowever, nonlinear processes take over at a later stage and generate multiple pairings of vortices and a broadband spectrum.r' At each time in Fig. 1 , there are two identical symbols for each particle; one shows the velocity of the given particle, the other shows the fluid velocity at the particle location. The distinction is easy because the particles with inertia always lag the fluid particles in the acceleration stages and lead in the deceleration stages.
Even when all four particles and the tagged fluid element started from the same location with the same initial velocity, they have different velocities at a later time due to inertia. Only those particles with 7 < 0.05 follow the tagged fluid element very closely. However, the accuracy of LDV and PIV is determined by a comparison of a particle velocity to the fluid velocity at the location of the particle at a given time (as presented in Fig. 1 ). These velocities agree surprisingly well even for a particle with 7 = 0.25. In interpreting these results one must be cautious. These results are obtained in a 2-D flow and the finer scales of turbulence of high Reynolds number practical flows are not present in these simula. tions. Therefore, these simulations capture only the effects of large scales of turbulence. Elliott and Samimy5 have shown experimentally that LDV seed particles in supersonic flows with 7 of approximately 0.1 follow large-scale turbulence well, which is in agreement with the results presented here. It should be noted that if the criteria based on the present simulations are not met the particles will be unable to follow even the large scales. In this sense the present criteria are an upper bound on the required response time of the particles. As was mentioned earlier, convective Mach numbers of 0.2,0.4, and 0.6 were utilized. All cases showed similar results, without any observable compressibility effect on the slip velocity. This is to be expected since the relative Mach number based on the slip velocity is generally small (see Fig. 1 ). Using all the particles on all five lines (with the total of 1000 to 2500 particles, depending upon the specific case), one can quantify the errors involved in measuring the flow velocity when particles with different 7 are used. Figure 2 shows the maximum rms slip velocity for all five lines. The rms is defined by considering all particles belonging to a line at (t = 0) as constituting an ensemble. Maximum value is defined over the evolution time. For the case shown in Fig. 1 , 500 particles on each line are used and a total of 2500 particles of each kind (i.e., T) exist in the flow field at a given time. As can be seen, the rms slip velocity increases in proportion to 7 until approximately T = 1, then levels off gradu- 
where the overbar denotes ensemble averaging over many particles and j ( ) 1 represents absolute value of the vector argument ( ). The first equality in Eq. (2) follows directly from Eq. ( 1) and to derive the second we differentiate Eq.
( 1) with respect to time (keeping the particle in question fixed) and then take an ensemble average. The relative importance of terms in Eq. (2) was assessed using simulations for MC = 0.4 with an organized initial condition having a single Fourier mode. Fluid particles and three other particles with 7 = 0.025,0.25, and 2.5 were used to calculate all the terms shown in Eq. (2). Figure 3 shows the contributions from different terms. As one can see, the contributions of the last two terms on the right-hand side of Eq. (2) are negligible for the particles with a r = 0.025 and 0.25. Thus for particles with 7 ~0.25, Eq. (2) is adequately approximatedby [ /(U,-U,)12]1'2=~( [dUs/dt/2)"20rrms slip velocity is 7 times rms fluid acceleration. It should be noted that the rms needs to be evaluated over an ensemble of particles. For 7 of the order of 2.5 or higher, the second and the third terms are no longer small. The second term is zero if the mean square acceleration of the particle ensemble is stationary. Note that even in a stationary homogeneous flow, statistics of particle ensemble is nonstationary. For the present nonstationary mixing layer flow this term, however, is small and the third term dominates. Since the third term is always negative, it may be argued that (for ~22.5) the mean square particle jerk (rate of change of acceleration) causes rms slip velocity to rise less steeply than at small 7, explaining the roll-off from straight line on Fig. 2 .
El. Flow visualizations
Mie scattering of a sheet of laser light by naturally existent or the externally seeded tracer particles is widely used in fluid mechanics and combustion to visualize flows. The tracer particIes such as smoke, oil, and alcohol particles are almost always polydisperse. Just as for LDV and PIV techniques, how accurately these particles follow the flow and represent the structures in the flow will depend on the T of the tracer particles. One can easily see from Fig. 1 that the restriction in this case is much more severe, because the deviations in the streak lines ofparticles with inertia from those of the fluid particles accumulate with time. Figure 4 shows snapshotsof theM, = 0.4 flow field with random initial conditions at three different time instants. In this flow field, 500 fluid particles were originally located on the centerline (p = 0) of the computational box. The clusters of particles indicate the locations of the vortices. As can be seen, at least two pairings have occurred between the first and the third snapshots. Figure 5 shows snapshots of the same flow field as that in Fig. 4(c) , however, visuaiized by particles with different 7: These particles started from the same locations as the fluid particles in Fig. 4 . As can be seen, only the particles with Q-= 0.05 show the correct location of vortices. However, the other four types of particles, even the one with 7 = 0.25, totally misrepresent the flow field.. Similar to the Crowe et al. categorization in incompressible shear flows,' the particles can be divided into three categories according to their response to the changes in the flow field. First, particles with very small 7 follow the fluid particles' motion very closely, and the particles with T = 0.05 shown in Fig. 5(a) define, perhaps, the upper limit of this type of particle. Second, particles with a midrange rare significantly affected by the vortices. These particles lag behind the fluid particles in rapid accelerations and lead them in rapid decelerations with a net result of accumulation of particles in the braids of the vortices with no presence of particles in the core of the vortices. These results are similar to those in incompressible shear layers" and jets. 9'23 Similar trends in the dispersion of particles have also been noted in homogeneous turbulent flo~s.~~ Third, particles with very large 7-are affected by only the strong vortex cores. The dispersion of these particles in the flow field is almost random. The particles in Fig. 5 (e) are at the border of the second and third categories.
These results suggest that when polydisperse seed particles are used for flow visualizations, a totally misleading picture of the structures will be obtained unless the tracer particles contain very little or no particles with 7 larger than about 0.05. In a given flow 7-Y changes as the flow evolves. Therefore, 7 based on the largest rP and smallest 7s should be less than 0.05. In the present simulations, the shear layer thickness grows by a factor of S-6 and the value of 7 is always defined relative to the initial (i.e., smallest) TV. As mentioned earlier, these results capture only the effects of large scales of turbulence on particles. Therefore, they represent an upper bound on the particle response time scale which yields accurate flow visualization. which is governed by r. The snapshots of the M, = 0.4 flow field presented in Fig. 5 show similar behavior. We quantify the dispersion of particles by calculating the lateral dispersion of each particle with respect to its initial location. Figure 6 shows the rms of the dispersion of particles located initially on three lines at Y = 0, 0.56, and 1.12 with 500 particles on each line. The dispersion increases with time. The rate of dispersion depends not only on r but also on the initial location. For example, the rate of dispersion of particles with r = 5 and 50 are comparable when both are located initially at Y = 0; however, the rate of dispersion of the former is twice that of the latter when they start initially at Y = 0.56. The lack of monotonic increase of rms dispersion with time is due to the limited statistical sample of vortices in the computational domain and is similar to the results of Chein and Chung. '" Figure 7 shows the maximum rms dispersion normalized with dispersion of the fluid particle started from the same initial location for the three lines of particles shown in Fig. 6 . These normalized results highlight the inhomogeneity effect where the dispersion of larger particles (r> 1) changes by a factor of 3 depending on their initial location. This effect was also reported by Chein and Chang" in incompressible shear layers. In spite of this strong effect of inhomogeneity, the general trend of increased dispersion with increasing r is clear in the figure. Furthermore, the r for which the particles are dispersed most rapidly depends on the location of their release. This value of r decreases from r = 20 at the centerline to r = 3 for particles released at JJ/ S, = 0.56 and further to r = 1 at the edge of the layer. Averaging the results of these three lines of particles shown in Fig. 7 would show a trend that is similar to one reported by Crowe et al. ' and Chein and Chung" in incompressible mixing layers. To further quantify the dispersion of particles, we calculate the relative dispersion defined as r = ,/ (XP -Xf)' + ( Y, -Yf) ' where XP and Y, denote the axial and the lateral locations of a particle and X, and Yr denote the location of the fluid particle that started from the same initial location as the particle. Relative dispersion is a quantitative measure of the error encountered in flow visualization. Figure 8 shows the rms of the relative dispersion of the same particles as in Fig. 6 . The effect of inhomogeneity on the relative dispersion (even though not as strong as on the dispersion itself) is clearly evident. Figure 9 shows the maximum rms of the relative dispersion for the three lines of particles shown in Fig. 6 . The general trend is that for each line the rms varies almost linearly with r for small T'S and levels off at higher 7's. Once again, the particles released at the centerline show the strongest increase with r due to the large rms acceleration for that ensemble. It is possible to explain this behavior by means of a simplified analysis. Such an analysis is presented in the Appendix. Here we quote its main result: for small r the relative dispersion is proportional to r as long as the deviation between the Buid and the particle paths is small. Figure 10 shows a perfect proportionality between the relative dispersion and r for r < 0.5. The results shown in Fig. 10 are obtained for the nondimensionaIized evolution time of approximately 1.7. For a larger evolution time, the deviation between the fluid and the particle paths becomes larger and the proportionality between the relative dispersion and r deteriorates. Most of the results presented in this paper are for iw, = 0.4 with random initial disturbances. Some results for other Mach numbers and initial conditions are reported in Ref. 25 . The present results on particle dispersion qualitatively compare well with the results in incompressible shear layers reported by Crowe et al, ' and Chein and Chung" showing that the compressibility does not seem to affect particle dispersion. There is a simple explanation for this. For the range of r used in this study (~(50) the relative Mach number of particles based on the slip velocity is small (see Figs. 1 and 2) . Therefore, one would not expect to see any major compressibility effect on particle dispersion. With much higher Stokes number, significant slip velocity may arise and at sufficiently high slip Mach number shock waves may even appear around the particles. These complex flow regimes require a more accurate description of the particle motion than reflected in Eq. ( 1).
IV. CONCLUSIONS
A detailed study was conducted to explore three aspects of motion of particles with inertia in free shear layers, namely the accuracy of LDV-and PIV-type velocity measurements, the accuracy of flow visualizations based on Mie scat-tering, and the effects of inertia on particle dispersion. It was found that the velocity measurement errors (slip velocity) grow linearly with r with approximately 2% error for r = 0.2. For flow visualizations, the restriction on r is much more stringent with the recommended r being smaller than 0.05. Both lateral and relative dispersion show strong sensitivity to the inhomogeneity of the flow. Similar to incompressible flow results, small particles, on average, disperse with the same rate as the fluid particles; however, midrange particles disperse with a much higher rate than the fluid particles. The effect of compressibility on particle motion (for M, < 0.6) was found to be insignificant due to small slip Mach number.
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We thank Dr. P. Durbin and Dr. M. M. Rogers for their remarks on a draft of this paper. A simplified analysis of the dispersion of particles relative to fluid particles in the limiting case of small particle inertia (r< 1) is presented. For exceedingly small r the motion of particles is virtually identical to the motion of fluid particles (defined as sufficiently small lumps of fluid, but large compared to mean-free path, e.g., Batchelor26 ). We wish to quantify the extent to which the particles deviate and disperse relative to the fluid particles due to their (small) finite inertia. For this purpose we simultaneously consider the trajectories of the particlesdenoted by xjk)( t), where the superscript k is a particle label, and the trajectories of the corresponding fluid particle xjk'( t), both of which start at (t = 0) from their common origin xAk) with the same velocity U, (k) = Uf(xAk),t = 0). Let Yik'(t) = XL"(t) -Xjk '(t) denote the relative separation between the particle and the corresponding tagged fluid particle. We differentiate Yjk' and rearrange the result as
to identify two separate contributions to the relative motion, viz., (a) due to the velocity difference between the instantaneously coincident (with the particle location) fluid particle and the tagged fluid particle, and (b) due to the slip between the particle and the instantaneously coincident fluid particle. In the above equation the overdot represents the rate of change following the particle. The second contribution to the relative motion can be expressed in terms of the particle acceleration (when the simplified particle motion equation is used), i.e., qk '(t) -u,(x;"'(t) ,t> = -Tqk) = -TiJj.k) + 0(7-q, (A21 where U;" '(t) represents the acceleration of the fluid element coincident with the particle. For sufficiently small r, the relative motion is a result of slip due to fluid acceleration and its accumulation due to the relative motion between different fluid particles. This physical consideration suggests the following asymptotic expansion for Yhk): y(k) = &k '(t) + ,2$'k!(t) + . . .
Our objective is to show that in the limit of r< 1, the statistics of ?Lk)( t), which we shall call scaled relative dispersion, are of order unity thus showing that the rms relative dispersion is proportional to T for small r. We proceed by differentiating (A3) in time and substituting into (A 1) and using (A2) to obtain Q;k'(t) = Vufl(xy,(,),,).~;k' -tijk'w, (A41 where we have used a local Taylor series expansion of the velocity field to express the first term (of the second equation) in (Al ). This approximation is justified (asymptotically as r-+0) in the present context provided that the ordering of terms indicated in (A3) holds. It may be argued that the ordering of terms in the expansion (A3) may breakdown for t > 0( 7', ), where r, is a Lagrangian integral time scale. In this sense, this analysis is limited to t < 0( r, ). Results obtained from numerical simulations for the time-evolving (nonstationary) mixing layer (presented in Sets. III A and III B) indicate the expansion (A3) to be valid only in the portion of the time history where the deviation between the fluid and the particle paths is negligible. Equation (A4), expressing the evolution of scaled relative displacement, is a system of first-order linear inhomogeneous ordinary differential equations whose time varying coefficients depend solely on the tragctory Xjk' ofthe tagged fluid particle. Thus the statistics of Yik' depend solely on the flow field under consideration and, in particular, are independent of r. It is also possible to write a formal solution to (A4) in terms of the matrix of fundamental solutions z (k) ( t) defined by" 2'k'(t) = VUfl(x)qt),r)-~ (k), ?k'(t=O) =?, (A5) where 7 is the 3 X 3 identity matrix. The formal solution is given by Using (A6) we may explicitly write
